Total No. of Printed Pages—15

4 SEM TDC GEMT (CBCS) 4.1/4.2/4.3

2023
( May/June )

MATHEMATICS
( Generic Elective )
Paper : GE-4.1/4.2/4.3

Full Marks : 80
Pass Marks : 32

Time : 3 hours

The figures in the margin indicate full marks
for the questions

Paper : GE4.1

( Algebra )

UNIT—1

1. Let n be a positive integer. If n is even, is an
n-cycle an odd or an even permutation?
Write your answer. 1
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Justify that in a group, the left and right
cancelation laws hold. 2

Is the set {0,1, 2, 3,4,5, 6} a group with
respect to multiplication modulo 7? Give
reason. 1+2=3

Let G be a group with the following property :
If a,bceGand ab=ca, then b=c¢

Prove that G is Abelian. 3

Mention the symmetries of a rectangle. 4

Show that the set {5, 15, 25, 35} is a group
with respect to multiplication modulo 40.
Find the identity element and inverses of
each element. , S

Compute product of cycles (147)(78)(257)
_that are permutations of

{,2,3,4,56,7, 8} 5

Or

Explain the quaternion group.

( Continued )

8. Let
G:{[a a]:o;taeR}
a a
show that G is a group under matrix
multiplication. 5
Or
Show that the set of all the cube roots
of unity forms a group under usual
multiplication of complex numbers.
UNIT—2
9. Prove that in any group an element and its
inverse have the same order. 2
10. Let G be a group and xeG. If x22 e and
x%=e, prove that x*#e and xSze; e
being the identity of G. 1+1=2
11. Let G be an Abelian group with odd number
of elements. Show that product of all the
elements of G is the identity. 3
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12. Show that a group that has only a finite

number of subgroups must be a finite group. 4 15. Define a normal sub-group. Show that if H

and N are sub-groups of a group G and N is

normal in G, then HN K is normal in H. 6
13. Show that if a finite group G contains a Or
proper sub-group of index 2 in G, then G is
not simple. 5 Define centre of a group. Let Z be the centre
of a group. Prove that if £ is a cyclic group,
then G is Abelian. 5+1=6
Or
w Let G =GL(2, R) and UNIT—3
|
H= {[g 2] :a and b are non-zero integers}_ 16. State True or False : 1

Every ring has an additive identity.

Prove or disprove H is a sub-group of G.

17. State True or False : 1
A divisor of zero in a commutative ring
14. Define normal sub-group. Show that if a with unity can have no multiplicative
finite group G has exactly one sub-group inverse.
; H of a given order, then H is a normal
~ sub-group of G. 1+5=6

18. Show that a unit of a ring divides every
Or element of the ring. 2

Define commutator sub-group. Prove that

commutator sub-group of a group G is 19. Let Rbe a ring and a be a fixed element of R.
normal in G. 1+5=6 Show that I, ={xeR:ax =0} is a subring
of R. 3
P23/1165 ( Continued )
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20.

21.

22.

23.

P23/1165

Suppose that R is ring and that a? =a for

all a in R. Show that R is commutative.

Show that intersection of subrings of a ring
is again a subring of K.

Show that the set of all purely imaginary
numbers under usual addition and multipli-
cation forms a ring.

Or
Suppose b and ¢ belong to a commutative

ring and bc is a zero divisor. Show that
either b or c is a zero divisor.

Show that the quaternions form a skew field.
Or

Show that the sum of all the elements of a
finite field is zero.

( Continued )
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GE-4.2

( Application of Algebra )

Paper :

(@) @4edl @, @G (v, k, 4)-BIBD, #fel! g

eI e V1)
i k-1

BIBD 7 Rfim kap e &1 I/ |

TS TEd, IS r TS

Show that in a (v, k, A)-BIBD every point
Alv —-1)

occurs in exactly r= k: 1 blocks
where ris called the replicatian number

of BIBD.

(b) e @ @Ol (v, k, A)-BIBDT oo
_vr AvZ —v)
s b——k—=———;(2 R I A
Show that a (v, k, A)-BIBD has exactly
vr A2

_;v) blocks.

b=
kK k?-k

(c) TPTTH @M e | @ReT M = (my);
N = (ny) 01 vx b ¥SA @G| Y
@, qan fuy Wiy 71w we
oz, ¢ W P INFH (L 2, ..., v} W
{1,2 .., b}3 GO [A{H =W IS,
My =Ny, p(j); 1<i<v; 1€j<b.
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Define incidence matrix. Let M = (my)
and N =(n;) be both vxb incidence
matrices. Show that the two designs
are isomorphic if and only if there
exists permutations y of {1, 2, ..., v} and
B of {1, 2, ..., b} such that My = Ny, B(j) >
I1<i<v; 1<j<h.

3. (@) oY G (R @ @6

Write short notes on (any one) :

(i) ofSTe= 9 Tl
Reflection symmetry

(ii) TR !

Rotational symmetry

(a) 431263 H &5l 1l 2% @i I @R T (b) ORREET PR RS B AT B Bt
2 C # {0} (Yl @ C' AIGIRSLE T 737 Write a descriptive note on Dihedral
73 d, R FHErSR Tied Ty I ACS HI Group.
AfSl! d -1 T RS WRTSE wog |
) R (c) @Bl iRfeq eo ool qa il ol | Al X
Let H be a parity-check matrix of a 9B EES G- W (OE (el @, i @I
linear code C #{0}. Show that the G?: Wﬁ\ = X Cq:i“m ;IT?{ -
minimum distance of C is the largest ge ’ - A
integer d such that every set of d-1 x> g-x, X3 <ot Raet
columns in H is linearly independent. Define group action on a set. If X be
a G left set, then show that for any
(b) ST A F = GF(q)® @< +'T [n, k, d]3 g€ G, the function X - X defined by
- I Hﬁ'&(qk —qi). X = g-x 1s a permutation of X.
Show that the number of distinct 4. (a) TNLSIAHD, ATNHT WS SR @iba
generator matrix of a linear [n, k, d] @ @’ o f
code over the Galois field of size g, \ T
F =GF(g) is n:_c_-ol(qk ~q). Peﬁne idempc?tent, ‘nilpotent and
. involutory matrices, with examples.
(c) wﬁliﬁiﬂf T @E o W ST FeIgR (b) CT4Sd A o/ WPRG! fEhe R
o m' W' Show that the following quadratic form
Describe’ the linear property and is positive definite :
prope of cyclic shiftin f i
codes{'ty B O CyClic x2 4+ 2y2 +322 + 2xy +4yz +22x
P23/1165 ( Continued ) P23/1165 ( Turmm Over )
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( 10 )

() S REdw SR aufE SR o 5

Reduce the following quadratic form
into normal form :

x%-5xy+y?+8x-20y+15=0

5. (a) TR GIG [(Wom afiem wfta =
TR @Fs Ry =R 49| 8

Use row-reduction algorithm to reduce
the following matrix into row-reduced
echelon form.

0 -3 -6 4 9
-1 2 -1 3 1

A=
-2 -3 0 3 -1
[ 1 4 5 -9 -7
(b) ¥ A’ LU-crgaizteem fadfa s 8
Find LU-factorization of the following
matrix A.
3 -6 3
A= 6 -7 2
-1 70
P23/1165
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Paper : GE4.3

( Combinatorial Mathematics )

1. Answer the following questions : 1x4=4

(aj State the principle of inclusion and
exclusion.

(b) Write True or False :
If "Cy, ="Cx,, then always k; =k, .

(c) Define generating function for a
sequence.

(d) How many initial conditions are
required to soive the following
recurrence relation?

a, =3a,_1+a,_, —4a,_3
2. Answer the following questions : 2x12=24

(a) Find the number of ordered pairs (x, y)
of integers such that x? +y2 <S.

(b) In how many ways can 5 boys and
3 girls be seated in a table if no girls
are adjacent?

(c) Show that "P. =(n+1-r)"P_,.
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(13 )

( 12 )
(k) Let S(n, k) be the stirling number of
[d) Let reN s.t second kind. Prove that S(n, 2) =2""1 -1
and
1 1

[

Find the value of r.

=_11__ S(n,n—l).—_-(n]
(11] 2
6
r

() Determine the cycle index of the
alternative group A(n).

o
N

fe) Show that i r(r:} =n.2"1, 3. Answer any seven of the following questions 7
r=1 4x7=28

(a) Find the generating function for the
() Among any group of 3000 people, show sequence

that there are at least 9 who have same

birthday, {[";1), (“';El), ( ! }

(g) Let A, Band C be finite sets. Show that
n(AnB)=n(B)-n(AnB). (5) Prove that

(h) Each of the 3 boys tosses a die once. Sn, k)=Sn-1, k-1)+kS(n-1, k)
Find the number of ways for them to
get a total of 14. where k,neN and n>k.
. c) S
(i) Show that the exponential generating (c) Show that

function for the sequence (1, 1.3, 1.3.5, rfm\( n m+n
. =3 =
1.3.5.7, ...) is (1-2x)% . .-g‘,(i][r—i) ( r ]

. forall m,n,relN.
0) Solve : a, =2a,_;, given that ag =

N |-

P23/1165
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(14 ) (15)

: (b) Solve the recurrence relation
h that for any set of 10 points i :

@ Shc?:flzn within a square whose sides are An = 7an_y +15a, 5 -9a,_3 =0,  given
of length 3 units, there are two ppints that a3 =1, @; =2 and a, =3. 6
in the set whose distance apart 1s at
most V2. {c) Show that the number of non-negative

fe) Find the number of non-negative ‘intefger solution of x; +xp +----+x, =1
integer solutions to the equation is given by
x| + Xy +x3 =15, where x <5, x<6 [r+n—1) ;
and x3 <7. -

(0 In how many ways can 4 of the letters (d) Express the generating function for
from PAPAYA be arranged? each of the following sequences in

closed form : 3+3=6

(g) Solve the recurrence relation '

2 ) (i) ¢, =3r+5 for each re NuU{0}
ap =<\Gp_1 —Qn_9
given that ay =1 and q; =0. (i) ¢, =r? for each reNuU{0}

(h) If in a BIBD, D{v,b,r,k,A), b is (e) How many different necklace_s having
divisible by r, then show that five beads can be formed using three
b>v+r-1.(Hint: as b is divisible by r, different kinds of beads, if—
so p=nr for some n, and for a BIBD (i) both flips and rotations;
Av-1)=r(k-1)).

(ii) rotations only? 3+3=6

4. Answer any four of the following questions :
6x4=24 * & k

(a) What do you mean by symmetric BIBD ?
Prove that, in case of a symmetric

BIBD, any two blocks have A treatment
n common. 1+5=6 4 SEM TDC GEMT (CBCS)
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